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Multi-Environment Trials in Plant Breeding

@ New crop variety development depends on
performance across environments.

o Multi-environment trials (MET) evaluate
varieties over multiple locations and years.

@ METs help to assess genotype performance
and genotype-environment interactions.

@ The objective is to identify robust,
high-yielding varieties for specific target
populations of environments (TPE)
distributed e.g across a country over
multiple years.

Figure: Location of MET of rice
varieties from 2001 till 2020 provided
by Rahman et al. (2023).

Figure: Field experiment of rice.
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https://x.com/USAID_BD/status/1561911108738248704

Problem Setting: Mixed Models for METs

1) Frequentist perspective using restricted maximum likelihood (REML)

2) Fully Bayesian perspective using Markov chain Monte Carlo (MCMC)

Objectives:

@ Describe, discuss and compare both approaches in the context of the MET
data set provided by Rahman et al. (2023)

@ Explain implementation of fully Bayesian approach as Bayesian updating
approach

@ Demonstrate benefits of fully Bayesian approach in context of the optimal
design approach by Prus and Piepho (2024)

Stephan Bark Working Seminar 09.09.25 Silde 4



Application of Optimal Design Calculation

@ Prus and Piepho (2024) proposed a method
to optimally distribute a fixed total number
of trials across climatic zones e.g. of a
country.

@ Optimality should be achieved with respect
to a criterion ®*(&).

@ This criterion is influenced by both the

design ¢ and a fixed set of variance | ,ﬁ/ -
components from a mixed model fitted to \ i i
MET data. \\\\1:% s B zonev

@ ¢ corresponds to either Jy, ..., J7 integer A
numbers of trials per zone with Figure: Indian maize breeding
ElZ:z J, = Jorwp,- -+, wz zone weights zones used by Kleinknecht et al.

2013).
per zone with Zzzzl w, =1 and w, > 0. ( )
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Frequentist Framework

(1) Estimate a Frequentist mixed model via restricted maximum likelihood
(REML) method to the MET of Rahman et al. (2023), which outputs
variance component point estimates.

(2) Plug in variance components into design criterion $(&).

(3) Optimize ®(&) to generate optimal design &*.
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Frequentist Mixed Model Formulation

Definition

The mixed model in a conditional perspective is defined as

K+1
y:XIB+ZZkbk+€7
k=1
where by, ~ N(0, Gy) with G, = o2lg,,
and by1 ~ N(0, Gy 1) with Gx1 = @S, X7,
and e ~ NV(0,R) with R = @°_; R. with R, = 02lp,,
and y | X, 8,b,R ~ A (Xﬂ + K 70by, R).

@ bk corresponded to the nested effect of genotypes within zones.

@ A dependence of the same genotype between the zones is assumed for the
random effect bk, 1.

@ The effect of a genotype in each of the zones is assumed to be unstructured:
In the variance covariance matrix X7 each component is estimated freely.
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Results of Variance Components

Table: REML estimated variance components and their corresponding standard errors of

the fitted genotype-zone effect unstructured mixed model. The underlying data was

provided by Rahman et al. (2023).

Variance (Short Form)

REML Estimate

Standard Error

o2 (var_year)

0.0287

0.0317

... (var_zone_year) 0 -

... (var_gen_year) 0.0246 0.0071
... (var_zone_loc_year) 0.561 0.066
... (var_gen_zone_year) 0 -

... (var_zone_loc_rep_year) 0.0046 0.0012
o2 (var_gen_zone_loc_year) 0.2504 0.0131

Y 7 (Sigma_gen_zone)

see X 7 below

not provided here

z Zle o2 (env_mean_var_resid)

0.3249

0.3725

@ The 02's have been estimated individually and their mean has been

calculated afterwards!
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Results of Variance Components

For the nested effect of genotypes within zones:

0.3121 0.2478 0.2943 0.1713
_10.2478 0.2157 0.2388 0.1285
47 10.2943 0.2388 0.2955 0.1559
0.1713 0.1285 0.1559 0.1031

M)

— High variance and low covariance estimates in X7 lead to a larger number of
trials!
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Frequentist Optimal Design Results

Considering the estimated variance components
above based on the MET data from

Zone 1 of Kushtia, Rajshahi and Rangpur;
Zone 2 of Barishal and Satkhira;
Zone 3 of Cumilla, Sonagazi and Habiganj;

Zone 4 of Bhanga and Gazipur;

e.g. for a MET with 3 years and 20 locations,
the optimal zone weights are

wy = 0.49 / wy = 0.17 / w3 = 0.29 / wy = 0.05 Figure: Location of MET of rice
varieties from 2001 till 2020 provided
by Rahman et al. (2023).
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Bayesian Updating Framework

(1) Introduce prior distributional assumptions for the variance components in the
mixed model.

(2) Specify a Bayesian mixed model for the MET of Rahman et al. (2023), which
outputs marginal posterior distributions of variance components.

(3) Implement a posterior sampling algorithm using Markov chain Monte Carlo
(MCMC) methods to objectively informs mixed model variance components
through historical MET data cycles.

(4) Use fully informed marginal posteriors after the last cycle to draw variance
component samples.

(5) Optimize ®(&) for each drawn set of variance components to generate

optimal design posterior sample.
— Allows for additional uncertainty measures in the design.
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Bayesian Mixed Model Reformulation

Motivation: Uncertainty measures of the optimal design later in the pipeline.

Definition

The Bayesian model joint posterior based on the conditional mixed model
perspective has the property

> > 5 5 [Bayes Theorem]
p(B,b1,...,bkt1,07,...,0k,X7,07,...,08 | ¥, X) x

Mixed model parameter vector W

K+1 K 5
p(y | X, W) x X by | Gi) X 2) « p(X7) ¥ 4
(y | ) x p(B) kl;[l p(bk | Gk) klillp(ak) p(Xz) el:[lp(a )
Likelihood — = =
Priors

where bK+1 ~ ./\/’(07 GK+1),
and by ~ N (0, Gy),

and Xz ~ Inv-Wishart(v, S),
and 07 ~ Inv-Gamma(ay, Bk),
and o2 ~ Inv-Gamma(ae, 3¢).
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Cycle Procedure to Objectively Inform Priors

A 22-year historical dataset is split up with respect to L multi-year cycles.

Important notes:

@ All full conditional posteriors of all mixed model parameters have been proven
to be conjugated to their priors.
— The MCMC algorithm can be based on efficient Gibbs sampling.

° H,’fill p(by | Gk) e H,’fillN(O, Gy) are conditional prior distributions of
the random effects.

@ The structural assumptions of the priors should not be violated during the
cycling process to stay in the Bayesian mixed model framework!

@ The idea is to only pass the estimated posterior parameters of the variance
component posteriors through the cycles.
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Cycle Procedure via Gibbs Sampling
For each multi-year cycle data set y;, X; with / =1,..., L:
(1) Initialize w() = (8(0), (b)), ... (b)), (@D, -, (@R (E2)) (D)) (D))

(2) For each posterior sample component t =1,...,B,..., T:

2.1) sample ,38)) ~ P(/)(B\(b)gf)_l)y o X1y Y(1)s

2.2) samplefor k=1,..., K+ 1: (bk)glt)) ~ p(,)(bk|,38)), e X, Yy)»

(21)
(22)
(2.3) sample for k=1,...,K: (0,2()8)) ~ p(,)(cr,%\ﬂglt)), s XY
(2.4) sample (E2){) ~ poy(E2IB)), - Xy Y0,

(25)

2.5 sample for e = 1, ey E: (Ji)g)) ~ p(/)(O'e‘,B ,X(,),y(,)),

— Al piy(- | -, Xy, ¥1)) are known full conditional normal, inverse Gamma or
inverse Wishart distributions that implicitly depends on

Xy Y(ys - - X(=1), Y(-1)
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Cycle Procedure via Gibbs Sampling

(2) Note: During all cycles full conditionals of by involves the prior
bk|0i NN (Ovaile) or bK+1|ZZ ~ N (0, @:j:l Zz),

and after the first cycle full conditionals of ork involves the updated prior
Uk Np (ak|X(, 1)7y(, 1)) Inv-Gamma ((Olk)g/MLlE) (ﬁk)g/MLlE))

and full conditonal of X7 involves the updated prior
ZZ ~ p (zz|X(/ 1 7y(/ 1)) Inv-Wishart (( )EMLE (S)(IMLlE)))

and full conditional of o2 involves the updated prior

MLE MLE
Ug ~ p(l)(0§|x(l—1)7Y(/—1)) = Inv-Gamma ((O‘e)g/ 1)) (/Be)gl_l)))-

Stephan Bark Working Seminar 09.09.25  Silde 15



Cycle Procedure via Gibbs Sampling

(3) Compute and store

@y (B @)y )y @)y (Be)(y ) vk and Ve via

maX|mum I|kel|hood estimation based on the current cycle | posterior sample:

MLE > \(MLE T B+1 T
{( O (B )} :[irkgg:%]E(ak’ﬁk|("k)§/)+ )""’(”i)E’)))

~\(MLE) ,&\(MLE) (B+1) R
|:(V)(/) (S)(I) :| B [1/>Z+la:§:1$a);os. def.] £ <V7 S ‘ (ZZ)(/) O (ZZ)(I) )
~ \(MLE) ;5 \(MLE)] " & .
[(O‘e)E/) )a (/BG)EI) )} = argmax L (Oze7 Be | (g ) )+1)’ el (Ug)gl)))

[aegﬁe >0]
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Trade Off for Proper Convergence with MCMC

| Initial Prior Information Amount of Data

S

Computational Resou rces

Prior Type Convergence Risk  Stability Bias Risk
Strongly Informative  Low High High

(can over-shrink estimates)
Weakly Informative Medium Medium  Low

(balances data and prior influence)
Uninformative High Low None
(flat, improper) (trends to divergence)

Table: Comparison of prior types and their effects on convergence, stability, and bias risk
inspired by Gelman and Yao (2020).
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Trade Off for Proper Convergence with MCMC

For demonstration purposes, comparison of two extreme estimation settings:

(1) Low initial prior info and number of iterations

(2) High initial prior info and number of iterations
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Initial Prior Information in the First Cycle

First, consider the scalar valued variance components 0%, ...,0% and 0%,...,0%.

Inv-Gamma Prior:

Inv-Gamma(1,1)

Density

00 02 04

Value of Variance component [t/ha]

Low informative

Stephan Bark

20

Density

Working Seminar
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Inv-Gamma(10,1)

0.0 0.5 1.0 1.5 20

Value of Variance component [t/ha]

High informative
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Low Informative Initial Prior Parametrization
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Figure: Inverse Gamma with shape and scale parameter equal to one [in blue]; Original MLE of
the mixed model analysis [in red]; Note that the chosen x- and y-axis scales will match the
posterior results on the next five slides.
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Low Initial Prior Info and Number of Iterations
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Figure: Histograms of the drawn Gibbs sample [in grey]; Fitted posterior density under inverse

gamma approximation assumption [in blue]; Original MLE of the mixed model analysis [in red];
Note that in all histograms the breaks are fixed to 20, where wider bars hint to more values out
of plotted x-axis range.
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Low Initial Prior Info and Number of Iterations
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Figure: Histograms of the drawn Gibbs sample [in grey]; Fitted posterior density under inverse

gamma approximation assumption [in blue]; Original MLE of the mixed model analysis [in red];
Note that in all histograms the breaks are fixed to 20, where wider bars hint to more values out
of plotted x-axis range.
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Low Initial Prior Info and Number of Iterations
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Figure: Histograms of the drawn Gibbs sample [in grey]; Fitted posterior density under inverse
gamma approximation assumption [in blue]; Original MLE of the mixed model analysis [in red];
Note that in all histograms the breaks are fixed to 20, where wider bars hint to more values out
of plotted x-axis range.
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Low Initial Prior Info and Number of lterations
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Figure: Histograms of the drawn Gibbs sample [in grey]; Fitted posterior density under inverse
gamma approximation assumption [in blue]; Original MLE of the mixed model analysis [in red];
Note that in all histograms the breaks are fixed to 20, where wider bars hint to more values out

of plotted x-axis range.
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Low Initial Prior Info and Number of lterations
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Figure: Histograms of the drawn Gibbs sample [in grey]; Fitted posterior density under inverse
gamma approximation assumption [in blue]; Original MLE of the mixed model analysis [in red];
Note that in all histograms the breaks are fixed to 20, where wider bars hint to more values out
of plotted x-axis range.
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Low Initial Prior Info and Number of Iterations

No proper convergence achieved after first sampled cycle!
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Figure: Trace plots corresponding to the 2000 posterior sampled values considering the thinning
of two of chain one of the first cycle. On the x-axis is the number of the sample element of the
Markov chain; On the y-axis is the value of the sampled variance component as yield in tons per

hectare.
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High Informative Initial Prior Parametrization
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Figure: Inverse Gamma with shape and scale parameter individually chosen for each variance
component [in blue]; Original MLE of the mixed model analysis [in red].
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High Initial Prior Info and
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Figure: Histograms of the drawn Gibbs sample [in grey]; Fitted posterior density under inverse
gamma approximation assumption [in blue]; Original MLE of the mixed model analysis [in red];
Note that in all histograms the breaks are fixed to 20, where wider bars hint to more values out

of plotted x-axis range.
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High Initial Prior Info and

var_year (Cycle 2)
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Figure: Histograms of the drawn Gibbs sample [in grey]; Fitted posterior density under inverse
gamma approximation assumption [in blue]; Original MLE of the mixed model analysis [in red];
Note that in all histograms the breaks are fixed to 20, where wider bars hint to more values out

of plotted x-axis range.
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High Initial Prior Info and Number of lterations
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Figure: Histograms of the drawn Gibbs sample [in grey]; Fitted posterior density under inverse

gamma approximation assumption [in blue]; Original MLE of the mixed model analysis [in red];
Note that in all histograms the breaks are fixed to 20, where wider bars hint to more values out
of plotted x-axis range.

Stephan Bark Working Seminar 09.09.25  Silde 30



High Initial Prior Info and

var_year (Cycle 4)
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Figure: Histograms of the drawn Gibbs sample [in grey]; Fitted posterior density under inverse
gamma approximation assumption [in blue]; Original MLE of the mixed model analysis [in red];
Note that in all histograms the breaks are fixed to 20, where wider bars hint to more values out

of plotted x-axis range.
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High Initial Prior Info and

var_year (Cycle 5)
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Figure: Histograms of the drawn Gibbs sample [in grey]; Fitted posterior density under inverse
gamma approximation assumption [in blue]; Original MLE of the mixed model analysis [in red];
Note that in all histograms the breaks are fixed to 20, where wider bars hint to more values out

of plotted x-axis range.
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High Initial Prior Info and Number of Iterations
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Figure: Trace plots corresponding to the 2000 posterior sampled values considering the thinning
of two of chain one of the first cycle. On the x-axis is the number of the sample element of the
Markov chain; On the y-axis is the value of the sampled variance component as yield in tons per

hectare.
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Initial Prior Information in the First Cycle

Second, consider the matrix-valued variance-covariance component X .

Inv-Wishart Prior:

@ Increasing information with increasing degree of freedom parameter v.
— Similar as with increasing the shape parameter of an inverse Gamma.

o Informing idea of scale matrix parameter S:
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Low Informative Initial Prior Parametrization
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Low Initial Prior Info and Number of Iterations
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Figure: Histograms of the drawn Gibbs sample [in grey] with initial identity scale matrix;

Original MLE of the mixed model analysis [in red]; Note that in all histograms the breaks are

fixed to 20, where wider bars hint to more values out of plotted x-axis range.
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Low Initial Prior Info and Number of Iterations
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Figure: Histograms of the drawn Gibbs sample [in grey] with initial identity scale matrix;

Original MLE of the mixed model analysis [in red]; Note that in all histograms the breaks are

fixed to 20, where wider bars hint to more values out of plotted x-axis range.
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Low Initial Prior Info and Number of Iterations
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Figure: Histograms of the drawn Gibbs sample [in grey] with initial identity scale matrix;

Original MLE of the mixed model analysis [in red]; Note that in all histograms the breaks are

fixed to 20, where wider bars hint to more values out of plotted x-axis range.
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Low Initial Prior Info and Number of Iterations
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Figure: Histograms of the drawn Gibbs sample [in grey] with initial identity scale matrix;

Original MLE of the mixed model analysis [in red]; Note that in all histograms the breaks are

fixed to 20, where wider bars hint to more values out of plotted x-axis range.
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Low Initial Prior Info and Number of Iterations
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Figure: Histograms of the drawn Gibbs sample [in grey] with initial identity scale matrix;

Original MLE of the mixed model analysis [in red]; Note that in all histograms the breaks are

fixed to 20, where wider bars hint to more values out of plotted x-axis range.
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Low Initial Prior Info and Number of Iterations

No proper convergence achieved after first sampled cycle!
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Figure: Trace plots corresponding to the 2000 posterior sampled values considering the thinning
of two of chain one of the first cycle. On the x-axis is the number of the sample element of the
Markov chain; On the y-axis is the value of the sampled variance component as yield in tons per

hectare.
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Low Initial Prior Info and Number of lterations

Minor correlation issue between chains with inverse Wishart!
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Figure: Pairs plots for diagonal variance parameters of Sigma_gen_zone corresponding to the
2000 posterior sampled values considering the thinning of two of chain one of the first cycle. Of
the x- and y-axis of the off diagonal scatter plots are the sampled values of the corresponding
variance component as yield in tons per hectare.
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High Informative Initial Prior Parametrization
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High Initial Prior Info and Number of lterations
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Figure: Histograms of the drawn Gibbs sample [in grey] with initial identity scale matrix;
Original MLE of the mixed model analysis [in red]; Note that in all histograms the breaks are
fixed to 20, where wider bars hint to more values out of plotted x-axis range.
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High Initial Prior Info and Number of lterations
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Figure: Histograms of the drawn Gibbs sample [in grey] with initial identity scale matrix;
Original MLE of the mixed model analysis [in red]; Note that in all histograms the breaks are
fixed to 20, where wider bars hint to more values out of plotted x-axis range.
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High Initial Prior Info and Number of lterations
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Figure: Histograms of the drawn Gibbs sample [in grey] with initial identity scale matrix;
Original MLE of the mixed model analysis [in red]; Note that in all histograms the breaks are
fixed to 20, where wider bars hint to more values out of plotted x-axis range.
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High Initial Prior Info and Number of Iterations
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Figure: Histograms of the drawn Gibbs sample [in grey] with initial identity scale matrix;
Original MLE of the mixed model analysis [in red]; Note that in all histograms the breaks are
fixed to 20, where wider bars hint to more values out of plotted x-axis range.
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High Initial Prior Info and Number of Iterations
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Original MLE of the mixed model analysis [in red]; Note that in all histograms the breaks are
fixed to 20, where wider bars hint to more values out of plotted x-axis range.

Stephan Bark

Working Seminar

09.09.25  Silde 48



High Initial Prior Info and Number of Iterations

Trace of Sigma_gen_zone[1,1]

Trace of Sigma_gen_zone[1,2]
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Figure: Trace plots corresponding to the 2000 posterior sampled values considering the thinning
of two of chain one of the first cycle. On the x-axis is the number of the sample element of the
Markov chain; On the y-axis is the value of the sampled variance component as yield in tons per

hectare.
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High Initial Prior Info and Number of lterations
Major correlation issue between chains with inverse Wishart!

0.00 0.10 0.20 0.00 0.10 0.20

Sigma_gen_zone(1,1]

0.15

0.00

”~ ”~ ”~

Sigma_gen_zone(1,2]

0.15

-~ ”~ ”~

0.00

Sigma_gen_zone[1,3]

0.15

-~ -~ ”~

0.00

Sigma_gen_zone[1,4]

0.15

-~ ”~ ~

00

X

T T T T T T T T T T
000 010 020 000 010  0.20

Figure: Pairs plots for diagonal variance parameters of Sigma_gen_zone corresponding to the
2000 posterior sampled values considering the thinning of two of chain one of the first cycle. Of
the x- and y-axis of the off diagonal scatter plots are the sampled values of the corresponding
variance component as yield in tons per hectare.
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Trade Off for Proper Convergence with MCMC

| Initial Prior Information Amount of Data

S

Computational Resou rces

Prior Type Convergence Risk  Stability Bias Risk
Strongly Informative  Low High High

(can over-shrink estimates)
Weakly Informative Medium Medium  Low

(balances data and prior influence)
Uninformative High Low None
(flat, improper) (trends to divergence)

Table: Comparison of prior types and their effects on convergence, stability, and bias risk
inspired by Gelman and Yao (2020).
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Bayesian Optimal Design

Considering the posterior sample of variance
components above based on the MET data from

Zone 1 of Kushtia, Rajshahi and Rangpur;
Zone 2 of Barishal and Satkhira;

Zone 3 of Cumilla, Sonagazi and Habiganj;

® 6 o o

Zone 4 of Bhanga and Gazipur;

e.g. for a MET with 3 years and 20 locations,
the posterior mean and standard deviation of
optimal zone weights are

wy = 0.33 (004) / wy = 0.23 (004) / Figure: Location of MET of rice

Wi — Wi — varieties from 2001 till 2020 provided
ws = 0.26 (0.04) / s = 0.19 (0.05) it rom 2001t 2020 p
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Frequentist and Bayesian Updating Framework

Frequentist Mixed Model

+

Stephan Bark

Uses the whole MET data in one go
Does not consider historical prior information
Variance component point estimates

REML can estimate variance components to
exactly zero (Studnicki and Piepho, 2024)
assumed to be non zero by model assumption

Less computer intensive

Less robust and stable estimation process

Bayesian Mixed Model

+

Working Seminar

Uses the MET data iteratively split into
historical subsequent data cycles

Does objectively inform priors

Variance component posterior distribution
estimates

Delivers more accurate estimation, as all
variance components by model assumptions are
considered and non zero

MCMC might introduce bias, if priors are not
truly objectively informed

More computer intensive

More robust and stable estimation process
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Further work on Bayesian Updating for MET data

The objective prior informing process:
@ Inverse gamma and Wishart prior assumptions on variance components
should be improved:

o Inverse gamma alternatives: half-t distributions, half-Cauchy distributions,
improper uniform priors, Jeffeys prior or log-normal priors (Gelman, 2006);
penalized complexity (PC) priors (Simpson et al., 2017)

o Inverse Wishart alternatives: Lewandowski-Kurowicka-Joe (LKJ) for
correlation matrix and independent standard deviation (SD) prior
(Lewandowski et al., 2009); scaled inverse Wishart (Alvarez et al., 2014)

@ Alternative sampling strategies should be exploited.

=> Maximize efficiency and minimize bias in the analysis!
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Further work on Bayesian Updating for MET data

So far, only MCMC as standard to sample from the posterior distribution.

Alternative estimation strategies:

@ Variational inference (VI) with scalability in large/high-dimensional data and
high model complexity context.
— Loss of accuracy

o Integrated Nested Laplace Approximation (INLA) with high efficiency in
spatial statistics and complex random effect structure context.
— Small loss if accuracy
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Further work on Bayesian Updating for MET data

In general: Increase stability and robustness of the estimation process for large
MET data sets with complex experimental design structures and increase accuracy
in corresponding variety testing analyses.

— Improve genomic selection!

Interesting application situation:
o Optimal design with respect to climatic zones (Prus and Piepho, 2024)

@ Genomic breeding values (GBV) in context of complex genotype-environment
interaction structures (e.g. Buntaran et al., 2022)

Factor analytic models (e.g. Piepho and Williams, 2024)

Random intercept and slope model with covariates (e.g. Hrachov et al., 2025)

Integrate spatial statistics methods
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Thank you for your attention!

Figure: Rice Field in Bangladesh.

Working Seminar
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https://www.stockvault.net/photo/155737/bangladesh-rice-fields
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Appendix: Rahman et al. (2023)’s data structure

@ Randomized complete block design
(RCBD) in each trial of the MET
data.

@ Increasing number of rice genotypes
over the years.

@ Rice genotypes are labeled with
respect to the groups 'Short’,
'Medium’ and 'Long’ in the data.

Wintor rico

Number of trials : = ¢
ms

Figure: Classification of genotype-year
combinations for winter rice series (left) and
monsoon rice series (right). Cell shades of gray
indicate number of trials in a year from Rahman
et al. (2023).
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Appendix: Descriptive Analysis

Yield [tha]
O-_2NWPHUOUOO N OO

Observed Monsoon

Observed Winter Yield [t/ha]

O N WU ®O©

Coloured Location: Ordered by Year / Location

Figure: Observed yield in tons per hectare as the target variable of interest plotted and sorted by
Environment (Year and Location combination); above for monsoon genotypes; below for Winter
genotypes.
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Frequentist Optimal Design Results

Table: Optimal numbers of trials per zone and efficiency of balanced design compared to
optimal designs in case of unstructured variance-covariance structural assumption of
Sigma_gen_zone in the model specified for different values of the total number of years H and
locations J (Prus and Piepho, 2024).

Approximate design £ Exact design £

H J wy wy w3 aW4 Eff, 5 ) A 3 Js Effex
2 10 0.55 0.1 0.25 0.1 0.88 5 1 3 1 0.88
2 20 0.56 0.09 0.3 0.05 0.87 11 2 6 1 0.87
2 40 0.5 0.18 0.29 0.03 0.9 20 7 12 1 0.9
2 100 0.42 0.2 0.26 0.13 0.95 42 20 25 13 0.95
2 200 0.4 0.19 0.22 0.18 0.95 81 38 45 36 0.95
8 10 0.52 0.1 0.28 0.1 0.89 5 1 3 1 0.89
8 20 0.49 0.17 0.29 0.05 0.9 10 3 6 1 0.9
3 40 0.44 0.22 0.29 0.05 0.94 18 9 11 2 0.94
8 100 | 0.38 0.22 0.26 | 0.14 | 0.96 | 37 22 26 15 0.96
8 200 | 0.38 0.21 0.24 | 0.18 0.95 76 | 42 47 | 35 0.95
22 10 0.27 0.26 0.28 0.18 0.99 2 3 3 2 1
22 20 0.25 0.27 0.28 0.21 0.99 5 5 6 4 1
22 40 0.25 0.26 0.27 0.22 1 10 10 11 9 1
22 100 0.27 0.25 0.26 0.22 1 27 25 26 22 1
22 200 0.27 0.25 0.25 0.22 1 55 49 51 45 1
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Bayesian Optimal Design

Table: Posterior mean and standard deviation in brackets of optimal approximate design
&5 and efficiency of balanced design compared to optimal designs in case of unstructured
variance-covariance structural assumption of Sigma_gen_zone in the underlying mixed
model as specified for different values of the total number of years H and locations J
(Prus and Piepho, 2024).

Posterior mean of approximate design £

H J _ = = — Eff,
wi wp w3 wy

2 | 10 | 0.42(0.07) | 0.19 (0.07) | 0.24 (0.07) | 0.14 (0.05) | 0.94 (0.031)
2 | 20 | 0.36 (0.05) | 0.22 (0.05) | 0.25 (0.05) | 0.16 (0.06) | 0.96 (0.027)
2 | 40 | 0.33(0.03) | 0.23 (0.04) | 0.25 (0.03) | 0.19 (0.04) | 0.97 (0.010)
2 | 100 | 0.3 (0.02) | 0.23(0.03) | 0.25(0.02) | 0.21 (0.03) | 0.98 (0.014)
2 [ 200 | 0.3 (0.02) | 0.24 (0.02) | 0.25 (0.02) | 0.22 (0.02) | 0.98 (0.012)
3 | 10 | 0.38 (0.05) | 0.21 (0.06) | 0.25 (0.06) | 0.16 (0.05) | 0.96 (0.025)
3 | 20 | 0.33(0.04) | 0.23 (0.04) | 0.26 (0.04) | 0.19 (0.05) | 0.97 (0.018)
3 | 40 | 0.3(0.02) | 0.23 (0.03) | 0.25 (0.03) | 0.21 (0.03) | 0.98 (0.012)
3 | 100 | 0.29 (0.02) | 0.24 (0.02) | 0.25 (0.02) | 0.22 (0.02) | 0.99 (0.008)
3 | 200 | 0.28 (0.02) | 0.24 (0.02) | 0.25 (0.02) | 0.22 (0.02) | 0.99 (0.008)
22 | 10 | 0.26 (0.01) | 0.25 (0.01) | 0.25 (0.01) | 0.24 (0.02) | 1 (0.004)

22 | 20 | 0.26 (0.01) | 0.25 (0.01) | 0.25 (0.01) | 0.24 (0.01) | 1(0)

22 | 40 | 0.26 (0.01) | 0.25 (0.01) | 0.25 (0.01) | 0.24 (0.01) | 1 (0)

22 | 100 | 0.26 (0) 0.25 (0) 0.25 (0) 0.25 (0.01) | 1(0)

22 | 200 | 0.26 (0.01) | 0.25 (0) 0.25 (0) 0.25 (0) 1(0)
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Appendix: Gibbs sampling with placeholder 6
For each multi-year cycle data set y;, X; with / =1,...,L:

@ Initialize 0(,) = ((01)5?)), s (GD)E%))T as draw from the priors.
@ For iterationt=1,...,B,...,T:
(1) Sample (01){) ~  p(y(0:/(62){)
(2) Sample (62)() ~  pun(62/(61)

-1
) )7' (GD)([) :Y(/):X())
))7 (03)(/)_ IR (90)(/)_ Y0 X))

(D) Sample (HD)E,t)) ~ p(,)(é’o\(91)g,t)), cees (GD—I)E;))»Y(I)»X(I))

Full cond. posterior implicitly depends on y(l),X(l),4.4,y(,,1),x(/,1)

@ Discard the B burn-in draws.

@ Compute and store posterior parameters w.r.t. variance components for the
priors of the next cycle.
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Appendix: Sensitivity Analysis of Genotype-Zone Effect

0.6
.
. 3
.0
.
(] I * .
> 3 ;
= .o
© 1] . .
> 04 i, N . .
9 . : N s I : N
(5} H ! Prior Scale Matrix
oy HE i
g 1l Lt B3 corroa
© ! i N . . ] ES coros
(/)] . M . H ¢ B3 corros
: '
B 02 H . . BES 1dentity
=
[0]
-
[2]
o]
o
0.0 !
N N Y N 0N N N N Y Y
& e 2 & o e ey o (O o
O O
o o o o0 o o0 o o o o0
«\’6/0" ‘(\’69 «\’6} ‘(\‘39 «\’6/0" ‘(\‘39 «\’6/0" ‘(\‘39 «\’6/0" ‘(\‘39
EN 9% Y 9% Y 9% Y % 29 9%

Figure: Box plots of posterior sampled individual variance and covariance components of
Sigma_gen_zone matrix-valued posterior sample.
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